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1. INTRODUCTION 
Let X and Y be two real separable Banach spaces and let T be an 
Approximation-proper (A-proper) mapping with respect to a given 
projectional system (in the sense defined below) of subsets of X into Y. 
Such mappings were first introduced in [20] and further studied in 
[21--231, where it was found that the condition that T be A-proper is 
not only a most natural one in the constructive approach to the 
solution of the equation (*) TX = f (f E Y) but, what is more, it 
turned out to be essentially a necessary condition for solutions of (*) 
to be constructable as strong limits of solutions of a certain sequence 
of finite dimensional equations approximating (*). In [7] Browder and 
Petryshyn introduced the notion of a multi-valued topological degree 
for A-proper mappings (in the sense defined below) and showed 
in [7,8] that this degree has the basic properties of the Leray-Schauder 
degree [23, 91, where the latter is defined on a narrower class of 
mappings (e.g. compact displacements) of subsets of X into X of the 
form T = I + C with I the identity and C compact. One of the 
important results for the class of mappings T = I + C, with C 
completely continuous, is a theorem on invariance of domain under a 
one-to-one completely continuous displacement first established by 
Schauder [27,28] for reflexive spaces and later by Leray [Z2] for 
general Banach spaces and by Rothe [26] and Nagumo [15] for more 
general spaces. More recently, an invariance of domain theorem has 
been obtained by Minty [24] for a special class of continuous strongly 
monotone operators in Hilbert spaces and by Browder [Z-3] for 
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continuous and demicontinuous locally strongly monotone mappings 
in Hilbert and reflexive Banach spaces, where in case of Banach 
spaces the mapping T of X into its conjugate space X* is assumed to 
be defined on all of X. Further generalization of Schauder’s theorem 
to mappings acting in X of the form T = I + C, with C a k-set- 
contraction with k < 1, has been very recently obtained by 
Nussbaum [16]. 
The purpose of this paper is to establish an invariance of domain 
theorem for a large class of noncompact mappings T, the so-called 
locally A-proper mappings, of open subsets D of X into Y, under 
conditions on T which are completely local in character. Our argument 
is essentially based upon the theory of multi-valued topological 
degree for A-proper mappings developed in [7,8] and the results 
for A-proper and P-compact mappings obtained in [17-19,23,25]. 
As will be seen from the summary below, our invariance of domain 
theorem for locally A-proper mappings not only unifies the cor- 
responding theorems of the above authors but also extends their 
validity to a larger class of mappings, a class which also includes 
mappings (e.g. P-compact operators) that can be handled neither 
by the Leray-Schauder nor the “monotonicity” techniques. 
In 92 we impose our conditions on X and Y and define the basic 
concepts used in this paper. 
In $3 we obtain an invariance of domain theorem (Theorem 1 below) 
for locally one-to-one and locally A-proper mappings T of open 
subsets D of X into Y which admit local A-proper homotopies. 
In $4.1 we deduce from our Theorem 1 the corresponding theorems 
for mappings T of D into X of the form T = I + C and 
T = I + S + C with 5’ strictly contractive on D and C locally 
uniformly continuous and locally compact on D. In particular, we 
deduce the well-known theorems of Schauder and others. 
In $4.2 we deduce from Theorem 1 a new invariance of domain 
theorem (Theorem 3 below) for locally P-compact mappings T of D 
into X. If X is reflexive, X* strictly convex and the duality mapping 
J of X into X* is weakly continuous, then our Theorem 3 yields the 
corresponding new result (Theorem 4 below) for accretive mappings T 
of D into X which satisfy the modified condition(s). In particular, 
we deduce from our Theorem 4 the corresponding result for strongly 
monotone operators in Hilbert spaces obtained in [24,1]. 
In $4.3 another new invariance of domain theorem (Theorem 5 
below) is deduced from our Theorem 1 for continuous locally 
monotone mappings T of D C X into X* satisfying the condition(s) 
and under the additional assumptions that X is reflexive and 
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both X and X* have Property (H) in the sense of Fan and 
Glickberg [II] but, in contradistinction to Browder, without the 
assumption that T is defined on all of X or that it is locally strongly 
monotone. We call the reader’s attention to a simple but useful result 
in Lemma 4 below which says that under the additional conditions 
on X and X* mentioned above the multi-valued topological degree 
for the duality mapping J of X into X* is well-defined and not equal 
to (0). This simple observation concerning J should prove to be as 
useful in the multi-valued degree theory for A-proper maps of 
subsets of X into X* as the identiy I is useful in the Leray-Schauder 
degree theory for compact displacements in X. 
2. DEFINITIONS AND PRELIMINARIES 
In what follows it will always be assumed that X and Y are real 
separable Banach spaces, {XJ C X and {Y,} C Y are two sequences 
of oriented monotonically increasing finite dimensional subspaces with 
dim X, = dim Y, for each tl, and {P,> and {Q,} are two sequences 
of linear projection mappings with P, mapping X onto X, and Qn 
mapping Y onto Y, which are such that P,x -+ x and Qmy -+ y for 
each x in X and y in Y, where we use the symbols “-+” and “-” 
to denote strong and weak convergence respectively. We refer to the 
quadruple r, = ({X,}, (Y,), {Pn}, @,}) with the above properties as 
an (oriented) projectionally compZete scheme for mapping T (nonlinear, 
in general) from subsets D of X to Y. 
In [20,2I] the author initiated the study from the constructional 
point of view of linear and nonlinear equations (i) TX = f (f E Y) 
involving a new and a rather general class of mappings T which are 
A-proper in the following sense. 
DEFINITION 1. The mapping T : D C X -+ Y is said to be A- 
proper with respect to I’, if the following condition (H) holds: 
(H) If I’, is any subscheme of r, and {x~ 1 x, c D n X,> a 
bounded sequence such that Q,Txm --+g for some g in Y, then there 
exists a subsequence {xmi) and an element x in D such that xmi --+ x 
and TX = g. 
Remark. We remark that, as was shown in [2@-231, the usefulness 
and the importance of the concept of an A-proper mapping stems 
from the fact that the condition (H) (i.e., the A-properness of T) 
is essentially a necessary condition for the solutions x(ED) of Eq. (i) 
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to be constructable as strong limits of solutions xn(hXn n D) of 
approximate equations (ii) QmTxm = Qn f. 
In [7,8] Browder and Petryshyn introduced and studied the notion 
of a (in general) multi-valued topological degree for an A-proper 
mapping which is defined as follows. 
DEFINITION 2. Let D be an open bounded subset of X, n its 
closure and D its boundary in X. Let T be a continuous A-proper 
mapping of D into Y with respect to r, and g a given element in Y 
with g 6 T(B). Let D, = D n X, , T, = QnT ID, and let 2’ be the 
set of all integers (positive, negative and zero) together with (+ co> 
and (---co>. 
We define Deg( T, D, g), the degree of T on D over g, as a subset of 
2’ given by: 
(1) The integer m lies in Deg( T, D, g) if there exists a sequence 
(ni} of positive integers such that deg( Tni , Dmi , Qnig) is well-defined 
and equals m for each n, . 
(2) & co lies in Deg( T, D, g) if there exists a sequence (ni> with 
n* -+ co such that deg(Tnj , Dn, , Q%,g) is well-defined for each j and 
de&L, , D,,,Q,,g)+f~ =-j-a. 
Remark. The degree deg( T, , D, , Qng) used in Definition 2 is the 
classical Brouwer degree for mappings of oriented finite dimensional 
Euclidean spaces of the same dimension. 
Using the properties of Brouwer degree and of A-proper mappings, 
it was shown in [7] that, for a given g $ T(D), the following is true: 
Deg( T, D, g) is a nonempty set in 2’; if Deg( T, D, g) # {0}, then 
there exists an x E D such that TX = g; if T,(x) is a continuous 
mapping of D X [0, l] into Y such that T,(x) is continuous in t, 
uniformly for x in a, and T,(x) is A-proper for each fixed t in [0, 11, 
then when g $ T,(L)) f or each t in [0, l] it follows that Deg(T, , D, g) 
is independent of t in [0, 11. 
In what follows we use B(x, r) and B(x, r) to denote respectively 
the open and the closed ball in X with center x and radius r > 0 
while &x, r) will denote its boundary. 
DEFINITION 3. Let D be an open subset of X and T a continuous 
mapping of D into Y. T is said to be locally A-proper if each point 
x,, in D has a neighborhood B(xO , r) with B(x, , r) C D such that T 
is A-proper on &x6, r). 
DEFINITION 4. Let D be an open subset of X. A continuous locally 
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A-proper mapping T of D into Y is said to admit a solvable locally 
A-proper homotopy if to each x0 in D there corresponds a neighborhood 
B(% 9 r) with B(x, , r) C D and a continuous mapping T,(x) of 
&I > r) >: [0, I] to Y such that 
(Cl) T,(x) = T(x) for x in &x0, r); T,(x) is A-proper on B(x, , r) 
for eachJixed t in [0, I]; T,( x is continuous in t E [0, I] uniformly for ) 
x in &x0, r). 
(C2) There exists a ball B = B(x, , rO) with r,, < r such that 
T,,(x) = T,(x) - g # 0 with g = T(x,) for all x in B and t E [O, I] 
whenever T,,,(x) # 0 for all x in 8. 
(C3) Deg( T,, , B, 0) # (O} whenever it is defined. 
3. INVARIANCE OF DOMAIN THEOREM AND ITS IMPLICATIONS 
In the first part of this section, using the multi-valued degree theory 
developed in [7, 81, we obtain an invariance of domain theorem 
(Theorem 1 below) for locally one-to-one and locally A-proper 
mappings which admit solvable local A-proper homotopies. 
In order to establish our invariance of domain theorem we will 
need the assertions of the following two lemmas which, in fact, 
possess interest in their own right. 
LEMMA 1. Let D be a bounded open subset of X and T a continuous 
A-proper mapping of D into Y. Then T is proper in the sense that, for 
every closed subset M C D, the nonempty set M n T-l(L) is compact 
in X if L is compact in Y. Further, T(M) is closed for each closed M C D. 
Proof. Let M be a closed subset of D and {xk} C M n T-l(L) an 
arbitrary sequence with {Tx~) CL. Since L is compact and {xJ is 
bounded, we may assume that TX, -+g for some g in Y. Since l?, 
is projectionally complete and T is continuous, for each k and 6, = l/k 
there exists an integer n(k) with n(k) > k such that 
11 .yk - %dk) I/ < sk with w,(k) = Pncr)xk E Xntk) n B (t ) 
for sufficiently large k and 11 TX, - Twnck) /j < ck + 0 as k -+ co. 
This and our properties of the scheme r, imply that f&~Tw,(~) -+g 
as k --f 00, whence on account of the A-properness of T it follows 
that there exists a subsequence {wnca} and an x in B such that w,ci) -+ x 
and TX = g. This and (t) imply that x, + x as i--t co, i.e., the set 
M n T-l(L) is compact in X. We add that since {xi}, being a sub- 
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sequence of {xk}, lies in M and M is closed we must conclude that x 
lies in M. The closedness of T(M) is proved similarly. 
An immediate consequence of Lemma 1 is the following corollary 
which we shall utilize in our proof of Theorem 1 below. 
COROLLARY 1. Under the conditions of Lemma 1, ;f g is a given 
element in Y such that T,(x) = TX - g # 0 for all x in &I, then there 
exists a constant c > 0 such that I/ TX - g 11 > c for all x in l@. 
LEMMA 2. Let B(x,, , r) be a ball in X and T a continuous A-proper 
mapping of B(x, , Y) into Y. Let g = T(x,) and suppose that T,(x) = 
TX - g # 0 for all x E 8(x,, , rO) and some r,, < r. If 
then there exists a ball B(g, s) C Y consisting entirely of points which are 
images of points of B(x,, , Y,,) under T. 
Proof. 
B(x, , 
Since obviously _T, is a continuous A-proper mapping of 
r) into Y, B = B(x ,, , r,,) C B(x, , r) and 
x E B = 2(x, ) Yo), 
T,(x) # 0 for 
Corollary 1 implies that the distance s = 
dist(T,(@, 0) > 0. Let h be an arbitrary point in 
%?9 4 = {Y E y I IIY -L? II < 4 
and let Th be the mapping of B into Y defined by T,(x) = TX - h. 
Since, for x E B, 
II TX- h II 2 II TX -~II-ll~--hla~-Ir~--ll~~~ 
Th has no zeros on 8, i.e., 0 E Y - Th(@. Consider the continuous 
mapping H,(x) of B x [0, l] into Y defined by 
H,(x) = TX - tg - (1 - t) h. 
It is obvious that for each t in [0, l] the mapping H,(x) is A-proper 
and continuous in t, uniformly for x in i? since 
II q(x) - f&&4II G I t1 - t2 I (Ilk! II + II h II> for all xEB. 
Furthermore, H,(x) # 0 for t in [0, l] and x in B because 
II Wx)ll = II TX -g + (1 - t)g - (1 - 4 h II 
> II TX --~lI--u---t)ll~-~ll>~~ 
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for all t in [0, l] and x in 2. Hence, by Theorem 1 (c) in [7], 
Deg(H, , B, 0) is independent of t in [0, 11. In particular, in view of 
our condition on Deg( TB , B, 0), this implies that 
Deg(T, , B, 0) = Deg(H, , B, 0) = Deg(% , B, 0) = Deg(T, , B, 0) $I i0). 
Thus, by Theorem l(b) in [A, there exists an element x in B such 
that TX = h and, hence, Lemma 2 is proved 
We are now ready to prove our invariance of domain theorem. 
First recall that a mapping T of D C X into Y is said to be locally 
one-to-one if to each point x0 in D there corresponds a neighborhood 
B(xo 9 Y) with B(x, , r) C D such that T is one-to-one on B(x,, , Y). 
THEOREM I (Invariance of domain). Let D be an open subset of X 
and T a continuous locally A-proper mapping of D into Y which admits 
a solvable locally A-proper homotopy. If T is locally one-to-one on D, 
then T(D) is open in Y. 
Proof. To prove Theorem 1 we must show that to each g in T(D) 
there corresponds a neighborhood B(g, s) about g such that 
B(g, s) C T(D). Let g be an arbitrary element in T(D) with g = T(x,) 
for some x,, in D. In virtue of (Cl), we can select a neighborhood 
B(% 9 Y) about x0 with B(x, , Y) CD and a continuous mapping 
Tt(x) of Wx, , 9 x [O, 11 into Y such that T,,(x) = TX for x in 
B(xcl 9 I), T,(x) is A-proper on &x0 , I) for each t in [0, 11, and TI(x) 
is continuous in t, uniformly for x in B(x, , I). Now, since T is locally 
one-to-one on D, T,(x) = T( ) x on B(x, , r) and T,(x,) = g, there 
exists a ball B = B(x,, , r,,) with y. < r such that T,, is one-to-one 
on B and, in particular, T,,(x) #g for all x in lk Hence, by (C2), 
T&4 = T,(x) - g # 0 f or all x in 2 and all t in [0, I]. Consequently, 
by Theorem l(c) in [7], Deg( T, , B, 0) is well-defined and is 
independent of t in [0, 11. Th is and (C3) imply that Deg( T,, , B, 0) 
is well-defined and 
D&Tog, B, 0) = WQl, , B, 0) f PI. 
Thus, by Lemma 2, there exists a ball B(g, s) C Y consisting entirely 
of points which are images of points of B under T. Q.E.D. 
4. SPECIAL CAsEs 
We now apply our invariance of domain theorem to special classes 
of locally A-proper mappings such as: Compact displacement 
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mappings and their variants, P-compact operators and accretive 
mappings, and monotone mappings. Thus, we deduce from our 
Theorem 1 a number of known as well as some new invariance of 
domain theorems for these special mappings. In particular, on the 
one hand, we deduce the corresponding Schauder’s theorems and, 
on the other, the recent invariance of domain theorems for monotone 
operators in Hilbert spaces obtained by Minty [14] and Browder [I] 
and for monotone and accretive operators for Banach spaces obtained 
by Browder [2,3] under different conditions. 
We add that unlike Browder we do not assume that monotone or 
accretive operators T are defined on the entire space X or that they 
are locally strongly monotone. In this sense our theorems even in 
these cases are more general. This is worth observing since it appears 
that Browder’s argument, as it stands, cannot be directly employed 
when T is not defined on all of X. 
4.1. COMPACT DISPLACEMENT MAPPINGS AND THEIR VARIANTS 
We recall first the definitions of some of the concepts to be used 
below. Let C be a continuous mapping of D _C X into Y. Then C is 
said to be compact if C maps every bounded subset Q of D into a 
relatively compact set C(Q) in Y; C is locally compact if each point x0 
in D has a neighborhood B with B C D such that C(B) is relatively 
compact in Y; C is completely compact if, for each bounded subset 
Q of D, C is uniformly continuous on Q and C(Q) is relatively compact 
in Y; C is completely continuous (sometimes also referred to as strongly 
continuous) if {xn} and x are in D and x, - x, then TX, + TX in Y, 
C is locally uniformly continuous if for each x,, in D there exists a 
neighborhood B with B C D and T is uniformly continuous on B. 
THEOREM 2. Let D be an open subset of X and C a locally compact 
and locally uniformly continuous mapping of D into X. Let I denote 
the identity dn X. If the mapping T = I + C of D into X is locally 
one-to-one, then T(D) is open in X. 
Proof. In virtue of Theorem 1, to prove Theorem 2, it suffices 
to show that T = I + C admits a local A-proper homotopy T,(x) 
with respect to I’, = ({X,}, {P,}) for which (Cl)-(C3) hold. 
For an arbitrary point x0 in D, let B(xO , Y) be a neighborhood of x0 
with &x0 , r) C D such that T = I + C is one-to-one and uniformly 
continuous on B(x, , r) and T(B(x,, , Y)) is relatively compact in X. 
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Before we continue with the proof, we first note there is no loss of 
generality in assuming that x0 = 0 and T(0) = 0. Indeed, if we put 
B' = B(x,,r) -x0 = {x -x0 1 x~B(q,,r)) 
and define the mapping T' for y in B’ = B(x, , Y) - x,, by 
T’(y)=Tx-T(x,)=y+C’y=x+Cx--T(x,) fory=x-q)eB’ 
then we see that T'(0) = 0, T ’ is one-to-one and uniformly continuous 
on B’ and C’(B’) is relatively compact in X, i.e., T' and C’ satisfy 
the same conditions as T and C with T'(0) = 0. Thus, writing again 
x, B, T and C for y, B', T' and C’ we can and will assume that 
x,, = 0 and T(0) = 0. 
Now, define the continuous mapping T,(x) of B(0, Y) x [0, l] to X 
as follows: 
T&4 = T ( -PC*) 1 ; t (x E B(0, Y), t E [O, I]). (tt) 
Since C is compact, I is A-proper and 
it follows from Lemma 2 in [21] that for each fixed t in [0, l] the 
mapping T,(x) : B(O, r) -+ X is A-proper with respect to 
Furthermore, T,(x) is continuous in t E [0, 11, uniformly for x in 
B(O, I), i.e., to each E > 0 there corresponds a 6 = 8(~, B) > 0 such 
that 11 T,l(x) - Tt,(x)ll < E for all x in &O, I) provided t, , t, E [0, l] 
and 1 t, - t, 1 < 6. Indeed, since T is uniformly continuous on 
B(O, I), to a given E > 0 there corresponds a 6, = S,(c) > 0 such that 
11 Tw - Tw Ij <r/2 for w, w E B(O, I) with 11 w - ZI 11 < 8, . 
Then taking 6 = &/Y and putting w = x/(1 + tr) and w = x/( 1 + te) 
for t, and t, in [0, l] and x in B(O, Y) we see that 11 Ttl(x) - TJx)ll < c 
for all x in &O, Y) and t, , a t E [0, l] with 1 t, - t, I < 6. This follows 
from the fact that for x in B(O, Y) 
II T,,(x) - T,,(x)11 = I/ 2%~ - TV - [T(--t,w) - T(--~z~)lll 
< 11 Tw - TV/ + 11 T(--t,w) - T(--t,w)ll < 42 + 42 = E 
580/5/I-IO 
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because for t, and t, in [0, I] with 1 t, - t, 1 < 6 and all x in B(O, r) 
we have the relations 
and 
Now, to complete our proof we have to show that Conditions (C2) 
and (C3) hold. But (C2) follows from the structure of T,(x) and the 
fact that T is one-to-one on B(O, Y) with T(0) = 0. Indeed, for any 
r0 < Y, T(x) # 0 and T,(x) f 0 for all x in B = &O, Y,,) and t in 
[0, l] for otherwise, in view of (tt), we would have T(x/(l + t)) = 
T(--x/(1 + t)) f or some t E [0, I] and x E &O, Y& contradicting 
the one-to-one property of T on B = &O, Y). 
Finally, since by (tt) we have T,,(x) = TX on B(O, Y) and 
T,(x) = T(x/2) - T(-x/2) on i?, it follows that T,(x) is an odd 
mapping on B(0, r). Since {PJ is a sequence of linear mappings and 
the set B(O, Y) is symmetric, T,(x) is also an odd mapping with respect 
to the scheme r, = ({X,), {P,}). Hence, by Theorem l(e) in [S], 
Deg( Tl , B, 0) is odd (i.e. 2m # Deg( Tl , B, 0) for any integer m) and, 
in particular, Deg( Tl , B, 0) # {O}. Q.E.D. 
A consequence of Theorem 2 are the following two corollaries. 
COROLLARY 2. Let D be an open subset of X and C a completely 
compact mapping of D into X. If T = I + C is one-to-one on D, then 
T(D) is open. 
COROLLARY 3 (SCHAUDER [28]). Let D be an open subset of a 
rejlexive space X and C a completely continuous mapping of D into X. 
If T = I + C is a one-to-one mapping of D into X, then T(D) is open. 
Proof. Corollary 2 is an immediate consequence of Theorem 2 
while the validity of Corollary 3 follows from Corollary 2 since, as 
was shown by Schauder [28], when X is reflexive and C is completely 
continuous on D, then C is completely compact on D. 
We add in passing that even for a reflexive space X the complete 
compactness of C does not in general imply the complete continuity 
of C. Indeed, the map C(x) = II x II f or all x in X is completely compact 
on X but not completely continuous on X. 
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Another, though not an immediate consequence of Theorem 1 is. 
the following result which was also proved by Schauder [2&l. 
COROLLARY 4 (SCHAUDER [28]). Let X be a rejlexive space with 
{P,} compatible and Ij P, jj = 1 f or each n, C a completely continuous 
mupping of an open subset D of X into X and S a weakly continuous 
mapping of D into X such that 
If T = I + S + C is a one-to-one mapping of D into X, then T(D) 
is open. 
Proof. Just as in the proof of Theorem 2, in view of Theorem 1, 
to prove Corollary 4 we must show that T = I + S + C admits a 
local A-proper homotopy T,(x) for which (Cl)-(C3) hold. If x0 is a 
given element in D and g = T(x,), then without loss of generality 
we may assume that x,, = 0, g = T(0) = 0, &O, r) C D and then 
show that the mapping T,(x) of B(0, Y) x [0, I] into X defined by 
has the required properties. Now, since 
T,(x) = x + S,(x) + C,(x) (*I 
and for each fixed t in [0, 11, s,(x) = C(x/(l + t)) - C(- tx/( 1 + t)) 
is completely continuous on B(0, r), it follows from Lemma 2 in [21] 
that T,(x) is A-proper on @O, r) provided we show that 
W,(x) = x + S,(x) = x + s (*) - s (G) (**) 
is A-proper for each t in [0, 11. To do this let {xx, 1 x, E X, n B(O, r)} 
be a sequence so that 
Pn W&J + h for some h in X. 
Since X is reflexive, {x~) is bounded and @O, r) is weakly closed, 
we may assume that x, - x and x E B(O, Y). This, the properties 
of {P,} and the weak continuity of S and thus of S, imply that 
P,W,(x,) = x, + P&(x,) - x + S,(x) = W,(x) = h. 
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On the other hand, since for each t in [O, 1] and x, y E D, 
II St(x) - w9ll G 4 II x -Y II 
and 11 P, 11 = 1 f or each n, it follows from this and (**) that 
II PTNt(%J - PTNtt(~d)ll z (1 - 4) II x78 - p.x II. 
(9 
Since, as n -+ co, the left-hand side approaches 11 h - W,(x)/l = 0, it 
follows that x, -+ x. This and the continuity of T imply that T,(x) is 
A-proper for each fixed t in [0, 11. 
To prove that T,(x) is continuous in t, uniformly for x in B(O, r), 
we first note that, as was shown by Schauder [28], T = I + S + C 
is uniformly continuous on each closed ball in D and then we can 
apply the same arguments as those used in the proof of the cor- 
responding fact in Theorem 2 to derive the needed property of T,(x). 
Finally, as in Theorem 2 we show that T,(x), defined by (*), satisfies 
(C2) and (C3). C onsequently, the assertion of Corollary 4 follows 
from Theorem 1. Q.E.D. 
If in Corollary 4 we drop the condition that S is weakly continuous 
on D, then the above simple argument can no longer be used to prove 
that W,(x) = x + S,( x is an A-proper mapping of B(0, Y) into X. ) 
If S were defined and strictly contractive on all of X, then the A- 
properness of W, would follow from Theorem 7 in [20]. But the 
arguments in [20] are not valid if 5’ is defined only on a proper subset 
D of X. However, using Darbo’s theory of the measure of non- 
compactness of bounded sets in X, Nussbaum [I6] has shown 
recently that if F is a K-set-contraction (with K < 1) of B(u, Y) C X 
into X (for the corresponding definitions see [1q), then there exists a 
smaller ball @u, rl) with or < r such that I + F is an A-proper mapping 
with respect to r, = ({XJ, {Pn}) from B(u, rl) into X. Since, for 
each fixed t in [0, 11, St is a strict contraction with the constant q < 1 
and Cf is compact on B(0, r), the mapping S, + C, is an example of 
K-set-contraction maps with K = q < 1 for which the results in [16] 
apply. Hence there exists a smaller ball B(O, rr) C B(O, r) C D with 
rL < r such that T, = I + St + C, is an A-proper mapping of 
B(0, rl) into X for each fixed t in [0, I]. Hence our entire discussion 
goes through if we restrict our attention to the smaller ball. This we 
can do since we are only interested in showing that for any g in T(D) 
there exists a neighborhood of g (no matter how small) which is 
contained in T(D). Consequently, we have the following result 
which was obtained in [16] by means of different arguments and 
another generalized (single-valued) degree theory. 
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COROLLARY 5. The assertion of Corollary 4 remains valid without 
the additional condition that S is weakly continuous. 
4.2. P-COMPACT AND ACCRETIVE MAPPINGS 
In this section we apply our Theorem 1 to obtain the invariance 
of domain theorem for projectionally-compact (P-compact) mappings 
acting in X. The latter class of mappings has been introduced and 
studied by the present author in [I7-191. Further studies have been 
made by DeFigueiredo [IO], Tucker [29], Petryshyn-Tucker [25], 
Browder-Petryshyn [8], the author [2#], and others. It has been 
mentioned in [23] that the concept of an A-proper mapping evolved 
from the notion of a P-compact mapping. Hence our next definition 
will be so stated as to reflect this fact. 
DEFINITION 5. A mapping F of D C X into X is said to be 
P-compact if and only if, for each fixed h > 0, the mapping 
TA = F + AI is A-proper with respect to P, = ({X,), {P,)). F is said 
to be locally P-compact if and only if T is locally A-proper on D 
(i.e., each x,, ED has a neighborhood B(x, , Y) with E(x,, , r) C D 
such that T,, = F + M is an A-proper mapping of @x0, r) into X 
for each X > 0). 
Following Browder [4] we shall say that a mapping F of D C X into 
X is accretive if for all x and y in D 
(FX -FY,w) >O, WEAX -Y) (9 
where (x, w) denotes the pairing of the elements x of X and the element 
w of the conjugate space X* and, for each x in X, J(x) is the convex 
subset of X* given by 
J(x) = (w I w E x*, (-5 w) = II x /12, II w II = II x II>- (ii) 
THEOREM 3. Let D be an open subset of X and F a continuous 
locally P-compact mapping of D into X. Suppose that F satisjies anyone 
of the following two conditions: 
(a) To each x,, E D there corresponds a neighborhood &x0 , r) C D 
such that T,, is one-to-one on B(x, , r) for all h 3 0. 
(b) F is locally one-to-one and locally accretive on D. Then, 
in either case, T(D) is open in X for each$xed X > 0. 
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Proof. It suffices to prove Theorem 3 for F satisfying (a) since, as 
is not hard to see, (b) implies (a). 
Now, to prove Theorem 3 for F satisfying (a), in virtue of Theorem 1, 
it suffices to show that TA admits a local A-proper homotopy T,,(x) 
for which (Cl)-(C3) hold. 
For a given x0 E D let B(x, , r) be a sufficiently small neighborhood 
of x0 with B(x, , r) C D so that F is P-compact on B(xO , Y), F(B(x, , r)) 
is bounded set in X and T,, is a one-to-one mapping on B(x, , I) for 
all h > 0. Now define a continuous mapping of &x0, r) x [0, I] 
to X by 
(tt) TM(X) = (1 - 4 Th(4 + tT,(xo) + t(x - x0> (A > 0) 
and observe that T,,&x) = Th(x) on B(x, , r), T,,(x) is A-proper for 
each fixed t in [0, l] and continuous in t E [0, I], uniformly for x in 
@x0 9 r). Indeed, if t = 0, TAO(x) = T,(x) is A-proper on @x0, r) 
since F is P-compact on B(x, , r); if t = 1, T,,(x) = x + T,(x,) - x0 
is A-proper, since I is A-proper and so is I + T,(x,) - x0 for each 
fixed h > 0; if t E (0, l), then T,, is A-proper since 
(1 - t)-iTA&) = F(x) + h’x + & (T&o) - x0> 
is A-proper with 
x4+&,0. 
On the other hand, the boundedness of F(B(x, , r)) and the equality 
show that, for each fixed h > 0, T,,(x) is continuous in t, uniformly 
for x in @x0, r)- 
Now, if we define H,,(x) of B(x, , r) x [0, l] into X by 
then H,&) # 0 for all x in &x0 , r) and all t E [0, 11. Indeed, suppose 
HAl(x) = 0 for some t E [0, l] and x E &x0, r). Then, if t = 1, 
0 = H,,(x) = x - x0 in contradiction to the fact that x E &x0 , r) 
while, if t < 1, then 
Fx + h’x = Fxo + Xx, for h’=h+&>O 
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contradicting the one-to-one property of TAt on B(xO , r). Hence (C2) 
of Theorem 1 holds and Deg(H,, , B(x, , r)O) is well-defined and is 
independent of t in [0, I]. Condition (C3) follows from the equality 
and the fact that Deg(1 - x0 , B(x, , Y), 0) = {I}. Indeed, if we 
put VUV = x - x0 for all x in B(x, , Y) and define V, = P,V IB, 
(= I, - P,xJ, th en it easily follows that there exists N > 1 such 
that 0 $ V,(B,,) for n > N and Deg( V,, , B,, , 0) is well defined and 
equal to 1 for all sufficiently large n. Hence, by Definition 2, 
D&V, B(x, , Y), 0) = {l}.’ Thus, Theorem 3 follows from Theorem 1. 
Q.E.D. 
If we assume that X* is strictly convex, then as was shown in [6] 
the duality mapping J of X into X* defined by (ii) or equivalently by 
(lx, 4 = II x II2 and for each x in X (iii) 
is single-valued and continuous from the strong topology of X to the 
weak* topology of X *; furthermore, if we assume additionally that 
/I P, /I = 1 for each IZ, then 
P,*]x = Jx for all x in X, and each n, (#) 
where P,* is the adjoint mapping of P, which is itself a projection 
in X*. Following [23] we say that a continuous mapping F of D C X 
into X satisfies a modi$ed condition(s) (for condition(s) see [5]) if 
{x% I x, E X, n D> is a sequence such that x, - x in X with x E D 
(and P,x E D for all large n), then 
x, + x in X whenever (Fx, - FP,x, J(x, - P,x)) --+ 0. 
To derive certain corollaries for accretive mappings from our 
Theorem 3 under stronger conditions on X, X* and J we first give 
a simple proof of the following lemma though it could be deduced 
from more general Theorems 2.2 and 2.3 in [23]. 
LEMMA 3. Let D be an open subset of a reflexive space X with X* 
strictly convex and with I( P, (1 = 1 for each n. Let J be a weakly 
continuous duality mapping of X into X* given by (iii). Suppose that F 
is a continuous locally accretive mapping of D into X which satisfies 
the modijed condition(s) on D. Then F is a locally P-compact of D into X. 
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Proof. Let x,, be an arbitrary point in D and B(x, , I) a neighbor- 
hood of x,, with B(x,, , Y) C D such that F is accretive on B(x,, , r). 
To prove Lemma 3, it suffices to show that there exists a ball 
B(x 0 , rl) C B(x, , Y) with Y, < r such that for each h > 0 the mapping 
TA = F + XI is A-proper on @x0 , Ye). 
Case 1: A = 0. Let {xn 1 x, E X, n B(x, , rl)) be a sequence so 
that P,T$* = P,Fx, 4-g for some g in X. Since X is reflexive, 
4X s , YJ is weakly closed and {xn} C &x0 , rl), we may assume that 
x,-x, XE &x,, , rl) CD and P,x E @x0, r) for all sufficiently 
large n. Since x, - P,x - 0, P,Fx, +g, F is continuous and J 
weakly continuous, it follows from this and (#) that 
(FG - FP,,x, J(xn - Pnx)) 
= (P,Fx, - P,P,,x, J&n - P,x)) + (g - Fx, J(0)) = 0. 
Hence the modified condition(s) and the continuity of F imply that 
x, -+ x and Fx = g, i.e., F is A-proper on B(x, , YJ. 
Case 2. h > 0. Since F is accretive on B(x, , Y) and h > 0, the 
mapping TA = F + AI is strongly accretive on B(xa , I) because 
(Trix - T,Y, 1(x -A) 
= (Fx -FY, 1(x -Y~~+~~~-YY,J~~-YY)~~~II~-~YI~ 
for all x and y in &x0 , Y). This implies, in particular, that for each 
A > 0 the mapping T,, satisfies the modified condition(s) on B(x, , rl) 
for any rl < Y. Consequently, T,, is A-proper on B(x, , I~), i.e., F is 
P-compact on B(x 0 , yl) and thus F is locally P-compact. 
The above discussion, Lemma 3 and Theorem 3 imply the validity 
of the following invariance of domain theorem which appears to be 
a new result even in this special case. 
THEOREM 4. Let D be an open subset of a rejlexive space X with 
X* strictZy conwex, (1 P, 11 = 1 f OY each n, and a weakly continuous 
duality mapping 1 of X into X*. Suppose that F is a continuous locally 
accretive mapping of D into X which satisfis the modi$ed condition(s). 
If F is locally one-to-one, then T,(D) is an open set in Xfor each A > 0. 
If X = H, a Hilbert space, then X* can be identified with H by 
the inner product and the simplest duality mapping is the identity 
mapping I. In this case an accretive mapping becomes simply a 
monotone mapping acting in H, the latter concept apparently was 
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first introduced by Vainberg and Kachurowski [30] (see also 
Zarantonello [31]). F or such mappings Theorem 4 reduces to the 
following corollary. 
COROLLARY 6. Let D be an open subset of H and F a continuous 
locally monotone mapping of D into H which satisjies the modified 
condition(s). If F is locally one-to-one, then T,,(D) is open for each h > 0. 
A consequence of Corollary 6 is the following Browder-Minty’s 
result. 
COROLLARY 7. Let D be an open subset of H and F a continuous 
locally strongly monotone mapping of D into H. Then F(D) is open. 
Remark. The assertions of Lemma 3, Theorem 4 and Corollaries 6 
and 7 are also valid in case J is a generalized duality mapping of X 
onto X* defined by (lx, x) = ~(11 x II) II x II and II lx II = ~(11 x II> for 
each x in X, where ,u(~) is a continuous strictly increasing function of 
R+ = {Y > 0) to R+ such that ~(0) = 0 and p(y) 3 co as Y -+ cc. 
Another new special case of Theorem 4 is obtained when X is the 
Banach space P, 1 < p < co. In this case X* = IpIp--l and X is 
known to have a weakly continuous generalized duality mapping J 
of x to X”. 
COROLLARY 8. If D is an open subset of 1~ (1 < p < 00) and F 
a continuous locally one-to-one and locally accretive mapping of D into 
1~ which satisfies modiJied condition(s), then T,(D) is open in 1~ for each 
h 3 0. 
4.3 MONOTONE MAPPING ACTING FROM X TO X* 
Following Fan and Glickberg [11] we say that X has Property (H) 
if X is strictly convex and if the relations x, - x and II x, // -+ 11 x 11 
imply that x, -+ x. This and many other equivalent properties in X 
were studied in [II], where it was shown that Hilbert spaces, uniformly 
convex and locally uniformly convex Banach spaces are examples of 
spaces having Property (H); but, a Banach space having Property (H) 
need not be reflexive. In this section, however, we shall assume that X 
is reflexive and that the projections (Pm) in X are compatible (i.e., 
p,p,=p,fork>j)withIIP,lI=lf or each n. Under these additional 
conditions it is not hard to show that if we let Y = X”, Qn = P,* and 
Y, = R(P,*) SE x,l c x* 
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for each n, then the quadruple r,* = ((X,}, {X,‘>, {PJ, {Pm*}) 
forms an (oriented) projectionally complete scheme for mappings T 
from subsets of X to X*. 
Our first result is the following lemma for the duality mapping J 
which should prove to be as useful in the multi-valued degree theory 
for A-proper mappings from subsets of X to X”, as the identity 
mapping I is useful in the Leray-Schauder degree theory for compact 
displacement mappings from subsets of X into X 
LEMMA 4. If X and its dual X* have Property (H), then the 
duality mapping J of X into X* given by (iii) is continuous, odd and 
A-proper with respect to r, *. Furthermore, for each given r > 0 and 
for any $xed w in X* with J,(x) = Jx - w # 0 for x E &O, I), 
Deg(J, , B, 0) is welLde3ned and such that 
DedJw 9 4 0) f 63 if II w II < I and Deg(J,,B,O) ={0} ;f IIwII >r. 
Proof. Since X is reflexive and X* is strictly convex, 1 is a single- 
valued duality mapping of X into X* such that Jxn - Jx in X* if 
x, -+ x in X. To prove the continuity of f, let {xn} C X be a sequence 
such that x,--t x for some x in X. Then Jx, - Jx in X” and 
II Jx, II = II 3, II -II x II = II 1 x w II h ence, since X* has Property (H), 
it follows that Jx, -+ Jx, i.e., J is continuous. The fact that J is 
odd follows from its definition. To show that J is A-proper with 
respect to F,*, let {xn I x, E X,} be a bounded sequence such that 
P,* Jx, -+g for some g in X *. Since X is reflexive, P,* Jx = Jx for 
x E X, and (Ju - Jv, u - v) 3 (11 u 11 - I/ v 11)” for all u and v in X, 
we may assume that x, -A x for some x in X and obtain the inequality 
(Pn*Jxn - Pn*JPnx, xn - Pn4 b (II x, II - II Pnx II)“. 
In view of the continuity of J and the fact that x, - P,x - 0, the 
passage to the limit in the above inequality as n + co implies that the 
left-hand side approaches zero and so does the right-hand side. 
Hence 11 x, )I -+ 11 x 11. In virtue of Property (H) satisfied by X, the 
continuity of J and the projectional completeness of F,*, it follows 
that x, + x and Jx = g, i.e., J is A-proper. Now, let r > 0 be any 
given real number, w an element in X* and JIW(x) = Jx - tw a 
continuous mapping of B(O, r) x [0, I] into X*. Then for each fixed t 
in [0, I] and w with 11 w II < I, J1, is an A-proper mapping which is 
continuous, uniformly for x in B(O, r), and J1,(x) # 0 for all x in 
&O, r) and t in [0, I]. Hence, by the homotopy property of the 
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multi-valued degree as proved in Theorem 1 in [7], it follows that 
DedJtw ,B, 0) is independent of t. The first part of our lemma and 
Theorem l(c) imply that, for Jaw = J, Deg(J, B, 0) is odd and, 
hence, not {O}. Consequently, Deg(],, , B, 0) = Deg(J, B, 0) f (0). 
The last assertion of our lemma follows from the fact that for j\ w /I > r, 
Jx # w for all x E &(O, r) and, hence, Deg( J, , B, 0) is well-defined 
and must equal to (0) f or otherwise, by Theorem l(b) in [7], the 
equation Jx = w would have a solution x in B(0, r) which is impossible 
for 11 w 11 :> r. Q.E.D. 
Lemma 4 yields the following result obtained by Browder by 
different arguments. 
COROLLARY 9. Under the conditions of Lemma 4, J is a bijective 
map of X onto X*. 
As is well known a mapping T of D C X into X* is said to be 
monotone if (TX - Ty, x - y) 3 0 for all x and y in D and locally 
monotone if each x0 in D has a neighborhood B(x, , r) with &x0 , r) C D 
such that T is monotone on B(x, , r). 
According to [5], T is said to satisfy condition(s) on D if for any 
sequence {x7&} C D such that x, - x with x E D and (TX, - TX, 
x - x) -+ 0 we have x, + x in X. It follows from an easy direct 
pyoof or from a variant of Theorem 2.2 in [23], that if T is a continuous 
mapping of an open subset D of X into X” such that T satisfies 
condition(s) on D, then T is locally A-proper with respect to r,*. 
We mention in passing that if additionally X and X* are assumed to 
have Property (H), then the duality mapping J is an example of 
a continuous monotone mapping of X into X* which, as is not hard 
to see, satisfies condition(s). This fact allows us to establish a some- 
what stronger result for locally monotone mappings which satisfy 
condition(s). 
Using Lemma 4 we now prove the invariance of domain theorem 
for locally monotone mappings T of D C X into X* satisfying con- 
dition(s) without the assumption that T is defined on all of X and 
under conditions which differ from those used by Browder [3]. 
THEOREM 5. If X and X* have Property (H) and T is a continuous 
locally monotone and locally one-to-one mapping of an open set D C X 
i?zto X* which satis$es condition(s) on D, then T(D) is open in X”. 
Proof. By Theorem 1, it suffices to prove that T admits a local 
B-proper homotopy for which (Cl)-(C3) hold. 
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Let x0 be any given point in D and B(x, , r) a neighborhood of x,, 
with &x0 , Y) C D such that T is bounded and monotone on @x0 , r). 
Since the monotonicity of a mapping and its condition(s) are invariant 
under translation, without loss of generality we may assume that 
x,, = 0 and T(0) = 0. Now, let T,(x) be a mapping defined by 
T,(x) = (1 - t)Tx + t/x (x E B(0, r), t E [O, 11). 
Since T is continuous by hypothesis and J by Lemma 4 and both 
are bounded on B(O, r), it easily follows that T,(x) is a continuous 
mapping of &O, 1) x [0, l] into X*. To prove that for each t in 
[0, 11, T,(x) is A-proper on B(O, r) we first note that, for t = 1, 
T,(x) = J(x) is A-proper by L emma 4 while for t = 0, T,,(x) = T(x) 
is A-proper by a variant of Theorem 2.2 in [23]. For t in (0, l), the 
A-properness of T,(x) on B(O, r) will follow if we show that T, 
satisfies condition(s) on B(0, r). Now, let {xn 1 x, E B(O, r)) be a 
sequence such that x, - x with x E B(O, r). Suppose that 
0) (T,(x,) - T,(x), x, - x) + 0 for each t E (0, 1). 
Now, since for each t and 0 < t < 1, 
(TG, - Tg, x,, - x) = (1 - t)(Txn - TX, x, - x) + t(Jxn - Jx, x, - x) 
with T and J being monotone on B(O, r), the relation (t) implies, 
in particular, that (Jx~ - Jx, x, - x) -+ 0. Since x, - x and, as 
was observed above, J satisfies condition(s), it follows that x, + x, 
i.e., T, satisfies condition(s) and so is A-proper for each t in (0, 1). 
The continuity of T,(x) in t, uniformly for x in B(0, r) follows from 
the fact that T and J are bounded on B(O, Y) and 
T,(x) - T,(x) = (s - t)(Tx - Jx) for x~B(0, x) and t, s E [O, 11. 
Thus condition (Cl) holds. 
Now, (C2) and (C3) follow from the following arguments. First, 
since T is one-to-one on B(O, r) and T(0) = 0, T(x) # 0 for all x 
in B(O, Y). But then T,(x) f 0 also for all x in &O, Y) and t E [0, 13. 
Suppose, to the contrary, that TXx) = 0 for some t E (0, 1) and 
some x E B(O, Y). Then, since T,(O) = 0 for all t E (0, l), we have 
0 = (T,(x) - T,(O), x - 0) = (1 - t)(Tx - TO, x - 0) + t(Jx - JO, x - 0). 
Since T and J are monotone on &O, Y) and t E (0, l), it follows that 
0 = (Jx - J(O), x - 0) = (Jx, 4 = II x II2 contradicting the fact 
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that 11 x )I = r, i.e., (C2) holds. To verify (C3), note that in the present 
case g = T(0) = 0, T,(x) = J(x) and Jx + 0 for all x in B(O, r); 
therefore, by Lemma 4, Deg( T1 , B, 0) = Deg( J, B, 0) is well- 
defined and not equal to {0), i.e., (C3) holds. Consequently, the 
assertion of Theorem 5 follows from Theorem 1. Q.E.D. 
Note Added in Proof 
A direct consequence of Lemma 2 is the following invariance of domain 
theorem from which, as is easily seen, Theorem 1 follows as a special case. 
THEOREM I (Invariance of domain). Let D be an open subset of X 
and T a continuous mapping of D into Y. If to each point x,, in D there 
corresponds a neighborhood B(_x,, , r,,) with &x0, ro) C D such that T 
is an A-proper mapping of B(x, , r,,) into Y with Deg( T - T(x,), 
B(x, , rO), 0) (= Deg(T, B(x, , rO), T(x,))) well-defined and not equal 
to {0}, then T(D) is an open set in Y. 
Remarks. (i) In view of Theorem 2 in [7], Theorem I implies the 
validity of the following result for local r-mappings established by 
Granas [Bull. Acad. Polon. Sci., C1.111, 6 (1958), 25-311, where 
T : D ---f Y is called a local e-mapping if to each x,, E D there corre- 
sponds a neighborhood B(x, l ,,) with B(x, , c,,) C D such that 
kz,) TX, = TX, 3 II XI - xz II < ego for any Xl 9 x2 6 qxo 3 %,>. 
COROLLARY 10. Let T = I + C be a continuous local E-mapping 
of D into X with C a locally compact mapping of D into X. Then T(D) 
is an open set in X. 
Proof, By our condition on T, to each x0 in D there exists a ball 
B(x, , l ,,) with B(x, , e,,) CD such that T(B(x, , EJ) is relatively 
compact in X, and T is an e,-mapping on B(x, , E& i.e., (E,J holds on 
&I > %I>. Since the assumed properties of T are invariant under 
translation, there is no loss in generality in assuming that x,, = 0 
and T(0) = 0. Now define the continuous mapping 
T,(x)= T(e)-T(z)=s+C,(r) (xE:B=B(O,E~),XE[~,~I) 
and note that, in view of (E,,), T,(x) # 0 for all x E B and t E [0, 1] 
and C,(x) is a compact mapping of B x [0, l] into X. Hence the 
Leray-Schauder degree, Deg,,( T, , B, 0), is well-defined and is 
independent of t in [0, 11. S ince Tl is odd on B = B(O, EJ, 
Deg,,( Tl , B, 0) = Deg,,( T, B, 0) # 0. Clearly, T is a continuous 
580/5/r-11 
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A-proper mapping of &O, q,) into X which, by Theorem 2 in [7] and 
the above discussion, is such that Deg( Z’, B, 0) = {Deg,,( T, B, 0)) # 
{O}. Hence, T of Corollary 10 satisfies all the hypotheses of Theorem I 
and, therefore, T(D) is an open set. Q.E.D. 
We add in passing that all other results in the above mentioned 
paper of Granas are deducible from our Theorem I since they were 
deduced by Granas from his main theorem which reduces to our 
Corollary 10 in case C is compact on D. 
(ii) Since a locally one-to-one mapping T = 1 + C of D into X 
is certainly a local E-mapping on D, Corollary 10 implies the validity 
of Theorem 2 above without the additional assumption that T is 
locally uniformly continuous on D. The latter result implies, in 
particular, the validity of Corollary 3 for nonreflexive Banach space X 
and for a compact mapping C of D into X. 
(iii) In view of Theorem 2 in [7], Theorem I and the results of 
Nussbaum [I6] for mappings T = I + S + C : D --+ X (with S 
strictly contractive and C compact on D) imply the validity of 
Corollary 5 above for such mappings acting in a nonreflexive Banach 
space X. 
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